Online Appendix*

“Cheap Talk in Complex Environments”
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A Preliminaries

In the main text, we studied the problem with outcome mapping v (a) given by:
(a) = o + pa+ oW (a),

where W (-) is the Wiener process over R with u € R and vy, 0 € R,.. For conciseness,
the results in the online appendix are stated in terms of the standard Brownian motion
with drift p, scale o and initial value X (0) = 0 given by X(a) := pa + cW(a). We
denote the set of all paths of X (-) by X. Note that because 1(a) = X (a) + 1y all of
the results about the random variables work equally well as long as all of them are
scaled up by . This means the status quo X (0) = 0 maps to ©(0) = 1y, Sender’s
ideal point 0 maps to —y and Sender’s ideal point b maps to b — ¢y. Doing this
transformation back in our variables, the desired results can be obtained.

Our analysis uses a variety of stochastic process that are related to Brownian
motion. First is the Brownian bridge, which is the Brownian motion with known
terminal action and outcome (¢,b): B(a,b,q) == {X(a) | X(q) = b} for b € R and
q € R,. Second is the Brownian meander, which is the Brownian motion conditioned
stay above 0 over interval [0,¢]: M(a,q) :={X(a) | X(a') >0 Va' €[0,q]}.

Two main random variables we are interested in are: (i) First hitting action of

x € R 7(z) :=inf{a € [0,q] | ¥(a) = z}, and (ii) Infimum over the interval [0, ¢l:
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(q) = int{e(a) | a € [0,q]}.1?

We are also interested in the compound of the two random variables given by
7(¢(q)), more precisely: 7(i(q)) := inf{a € [0,¢] | X(a) < X(d') Va' € [0,q]}. First
hitting action (time) of the minimum over [0, ¢| 7,(¢q) := 7(¢(¢)).” Finally, the maximal
decrease in (-) over [g1,45] € [0,q): 6(qi,q»). Formally, 8(qr,42) = inf{X(gs) —
X(q1) | @ € [q1,92]}. Note that this is equivalent to ¢(g2 — ¢1).

B Results used in the Main Proofs

The statements here are for X(-) as the underlying process. The first-point strategy
m*(¢) is adapted to this setting as by shifting down by adding —1y.

e () = T(—x) ifr(—2z)<gq |

7,(q) if 1(q) > —x

By definition of m*(X), the event m*(X) = r* is given by the set of paths { X (-) € X |
T(—x) =r*}U{X(-) € X | .(q) = *,1(q) > —x}.Note that, when going from (0) to
X (0), b is mapped to a negative number b — 155. We frequently use the arguments of
7(+) by negative variables e.g.—z corresponding to b — 1)y. Thus, statements such as
increasing in —z translate to increasing in b. Finally, we use ¢(-) and ®(-) to denote
the standard normal probability density function and cumulative density function,

respectively.

Supporting Results for Lemma 4.

Lemma B.1 lim,_o+ P(7(—2) € dr* | m*(X) =r*) =0 Vx,r* € R,.

Proof. We will show the sufficient result that the likelihood ratio of 7(—z) and 7,(q)

converges to 0. In equation (C.10), we provide the closed expressions for P(7(—z) €

Note that inf{a € [0,q] | X(a) = 2} = inf{a € [0,q] | ¥(a) — o = x} = inf{a € [0,¢] | ¥(a) =
x + 1o}. Thus, 7(x) maps to 7(x — 1)p) when changing from X (-) to ¢(-). Similarly, ¢(¢) maps to
(q) + 1o when changing from X (-) to 1(-). We have that: inf{X(a) | a € [0, q]} = inf{t)(a)+(0) |
a€[0,q]}.

2In our model the domain of the Brownian motion are actions, but the canonical usage has the
domain as the time. Thus, this random variable is frequently referred as the first hitting time.

3 Analogously, 7(¢(q)) maps to 7(¢(q) + 1) when changing from X (-) to v (-).



dr* | m*(X) = r*) and P(7,(q) € dr*,u(q) > —x | m*(X) = r*). Using equation
(C.10), we can state the likelihood ratio as:

€z —Z—‘U‘T*
lim P(r(—z) € dr* | m*(X) =r*) lim oI < oV/r* )
r*—0t+ ]P(’T'L(q) € dr* ‘ m*(X) = 'r‘*) r*—0 0 X s (7#@177‘*)) .
—2z & (z — pr ) ﬁq) <M(q,T*>> n a7 &
g o%rer* oVr* o \oVa=r* g =1

Taking the constant out from the integral, the limit can be stated as:

—z—pur*
or*ai/ri*qb ( o\r* >

lim
r*—0t "
—u(g—r*)

¢
I u(g—r*) ( Vit > 0 —2z (Z*Mr*
(UCD(U q—r*) + Vaq—r* f—z a2r*\/77¢ o/1* ) dz

We can rewrite the limit as the product of two expressions, given that an unambiguous

limit exists for both expressions:

1 x ¢ (—m—/w’*)
lim - im or Ve oV (B.1)
0+ ¢ (*u(qfr*)) 0+ 0
s (o) P\ vEr 2 ()
o o\/q—r* + W z o2r \/7’7 a‘\/r

We calculate the integral in the second limit term explicitly as:

[ (o (L) o552 2L 205

—o a2\ oV o oV v B2
B.2
Thus, the limit of interest can be written using (B.1) and (B.2):
lim L lim m’f\/ﬁ¢ (7(?7?:*)
T plg—r*) 4 (7’%)) A 2 Vr* rtw ¢ (@> —¢ (‘Z*-:*x)
s (B) + Ji—r 2o () —e(uE)) +2 T
The limit of the first term exists, and given by:
*h—I>I(1)+ 1 “ula—r)Y) 1 VAN
() 2 (o) o)
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For the second expression, we distribute the limit over the the expression:

. T —x—pur*
lim,.« g+ UT*\/FQI)( e )

ICORICO N

lim,« s 22 (<1> (%) —® (%)) Flim,. or 2 =

Focusing on the limit on the numerator of equation (B.3):

—urt—g 2
) x —x — ur’* x . exp(—%)
lim 10) = lim 3
=0 g7 ovr* oV 2m r* =0t r

The first line follows from taking the constants out. We take the square of the term
in the second line for a more manageable expression. The final limit follows from
taking the limit to the denominator and repeatedly applying the L’Hopital rule for

limits until the 7*3 term disappears.
The limit for first term in the denominator of equation (B.3) is given by:

lim “(@( HVT >_¢>(‘” “C)) :“( lim q)(“”" >_ lim @(”\/FJr a ))
r*—0t O o oV o \r*—ot o =0 o o/ r*

By definition we have lim,«_,q+ ® (“\/7) =0 and lim,«_,o ® <§\/7“_* + == ) =1.

g o\ r*

The second term in the denominator for equation (B.3) has a limit given by:

o ) o) o () () g0

r*—0t \rE lim,« g V/7* 0

Thus, the limit of interest is given by:

P(r(—z) € dr* | m"(X)=r") 1 ( 0 ):0.

y
ro0+ P(1,(q) € dr*, 1(q) > —x | m*(X) = 1)

—14 21
i (M) n o) 7
g g \/a

This concludes the proof. The likelihood ratio converges to 0, which implies that the

limit of the conditional probability in the statement also converges to 0. m



OE[M M =
Lemma B'2 FOT every H’ S R; Q702,C c R+; hma_>0+ [ (a7q)(‘3 ((Lq) C] =
a

0.

Proof. In equation (D.14), we derive the expression for E[M (a,q) | M(q,q) = c|:

BlM(a.0) | M(g.0) = o = =2 erflo o ]-f—exp(?él(_c )y e,

¢ V24— a) g-—a qr

The derivative of this expression is given by:

c? 2 c/a —(62(1)
& — f| —F— -2 ey~
IE[M (a,q) | M(q,q) = c| (q 7 ) o <\/§a\/q(q—a)> n olq —2a)exp ((2q02(qa)))
da c V2 Jay/alg - a)

___c%a cgy/a c ca | 20, _
20 (o) (st * arwas) (5 0= 9)
Ve

0211 02a 02
N \/gamexp (— 2qa2(q—a)) <_ 2q02(q—a)? - 2q02(q—a)>
Va

e~ dt and e~

We evaluate the limit using the properties of erf(z) = 2 N

=

OE[M (a,q) | M(g,q) = ¢ (5 - o) ert <me—_)> o(g — 2a) exp ((zq;((q_)))>

lim =

a0+ da c * V2r\/gv/alg — a)

—0 as a—07*

—o00 as a—0t

_ 2 cqv/a : a 20
2exp ( 2(1"3(‘(11*“» (2\/§(f(<1(qa))3/2 * 2\/50ﬁi/q(q—a)> (an +0o°(q a))
Ve

—o0 as a—01

C2l1 02(1 (12
N \/%O’\/ a(q - (Z) exp <_ qu.z(q_a)) <_ 2q02(q—a)2 2q02(q—a))
Vi '

—0 as a—0*

_|_

OE[M (a,q)| M (g,9)=c]

Thus, we conclude that: lim,_,+ o

=00. W
Corollary B.1 For every u € R and q,0? € R, we have lim,_o+ E[M(a, q)] = co.

Proof. The result follows directly by the law of iterated expectations and Lemma



B.2 that characterizes the analytic expression of E[M(a,q) | M(q,q) = ].

OE[M(a,q) | M(g,q) =] _ OB [E[M(a,q) | M(g,9) =] _ {3E[M(G,Q) | M(g,q) = ]
Oa da ‘ Oa

lim E[M(a,q)] = E, | lim 2200 | Mla,q) =

a0+ a—s0+ Oa

}:Ec[oo]m-

First line follows from the law of iterated expectations where [E. denotes expectation
over values of M(q,q) = ¢, which follows from P(M(a,q) € dc) derived in Equa-
tion (D.2). Second line follows by taking the derivative with respect to a inside the

expectation over ¢ and the last line follows from taking the limit of both sides and

8I[*l[M(a,qglM(M)ZC]

using the result in Lemma B.2, which shows that lim,_,q+ =00. N

Supporting Results for Proposition 1.

Lemma B.3 P(7(—z) € da) is log-concave and P(t(—z) € da | m(y) = a) is in-

creasing 1n —x.

ova

Proof. P(7(—x) € da) is given by equation (C.7): P(7(—z) € da) = saya? (7%“&) da

for every x € R,. ¢(-) is a log-concave function, and similarly a7z 18 linear, and

hence is also log-concave. The product of log-concave functions are log-concave, es-
tablishing the log-concavity of P(7(—z) € da).

For second part, consider P(7(—x) € da | m(X) = a) = P(r(—z)Eda)

P(r(—z)eda)+P(1.(q)Eda,i(q)>—x)
P(7(—x) € da | m(X) = a) is increasing if the likelihood ratio P(TL%)T&;)L(E(E‘LL@ is in-
creasing. In Equation (C.11), we derive the formula for P(7,(q) € da, t(q) > —x):

m/a—a
P(r.() € da,(q) > —) =2 (ﬁj@ (=) ’ (qu)) / P(r(2) € da)ds.

Thus, the likelihood ratio in equation (C.11) can be written as:

P(7(—z) € da) B 1 P(r(—x) € da)

P(7.(q) € da,i(q) > —z) ¢<ﬁ) [° P(r(2) € da)d=
o8 —
o)+ L)

qg—a

The first term is readily identifiable as a positive constant. The second term is the
ratio of a log-concave function evaluated at —x, and it is integral up to —z. It follows

from the definition of log-concavity, as noted by Bagnoli and Bergstrom (2006), that
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this ratio is decreasing in = (increasing in —z) for a log-concave function. From the

definition above P(7(—z) € da | m(X) = a) decreasing in z (increasing in —z). ®

Lemma B.4 —z — E[¢(r*) | 7,(q) € dm*,1(q) > —x] is increasing in —x.

Proof. E[¢(r*) | 7.(q) € dr*,i(q) > b] is given by % It directly follows
from Lemma B.3 that P(7(z) € da) is log-concave. By Bagnoli and Bergstrom (2006),
f_o zIP(‘r(z)Eda)dz

we have that the expression —x — 17 B(r(—x)eda)ds

is increasing in —x. ®|
Proposition B.1 ugr(v,a) = —1(a)? satisfies the condition given by equation (5).

Proof. Suppose that 1(0) > a. For ¢ = ¢;"*, there exists some a,7 € [O, qfnax} with
a=r+da and a’ > 0 such that 0 = E [ug(a) — ug (7) | mj(x) = 7]. We want to show

that under quadratic preferences, the following condition is satisfied.*

P (7(b) € dF | mi(y) =7) - SE lug (Y(F) + M(a q—7)) —ur (Y(F)) | 7.(q) =7,u(q) > V]
P (7.(q) € dF,u(q) > b| mi(p) =7) ~ S Eug (b+ X(a')) — ug (b)] '

(B.4)

Note that, quadratic utility we have that:

Efur (b+ X(a') —ur (b)] = E [~ (b + X (a')* + b*] = —2bE [X (a')] — E [X(a')?]
Elur (¢¥(F) + M(d',q — 7)) — up (Y(F )) | TL(CI) 7, u(q) > 0]

— 2B [(F)M(d',q = 7) | 7.(q) = 7, ( —E[M(d,q—7)*|7(q) =7,1(q) > D]

=—2E[Y(r) | .(q) =7,u(q) > b]E[M (a,q—r)] —E[M(d,q—7)*|7(q) =7,1(q) > b] .

where the last line follow from the independent increments. Taking derivative with

respect to b, we have that:

%E [ur (b+ X(a')) —ur (b)) =E [—(b+ X(d'))* + b°] = —2E [X(d')]

S8 [un (4(7) + Mg =) = ur (6 | m(0) = @) > 8] = =2 (B | 7o) = 7o) > 0] B Mg = 7).

4As discussed in Proposition 1, this is equivalent to condition in equation (5) in main text.



So, the condition given by equation (B.4) reduces to:

(8200 70 = .0(0) > 5 )E M (a'g =)
EX@)

2_

P(7(b) € di | my(¢) =7)
P(7.(q) € dr,u(q) > b | mi(¢) =7)
E[M(d,q—7)]

- —E[X(a)]

where the second line follows from a direct corollary of Lemma B.4, combined with
the direct observation that —E [X(a')] > 0 and E[M(a’,q — 7)] > 0. Rearranging

this, we have that the condition is equivalent to:
P (7(b) € dr | mi(v) = 7) E[X (a")|+P (7.(q) € dF,i(q) > b | mi(v) =7)E[M(d',q—7)] <0

The condition is equivalent to having the expected outcome of the deviation being
closer to the unique maximizer of ug(+), which is a necessary condition for the indiffer-
ence condition 0 = E [ug(a) — ug () | m;(¢) = 7] to hold under any weakly-concave

utility function, as discussed in the proof of Lemma 4. m

C Random Variables of Brownian Motion

Joint Distribution of X (a) and ¢(q).

We are interested in studying the distribution P(X(a) € dx,t(a) > —y) for x € R,
y,a € Ry and x > —y. In order to simplify the exposition, we start with an auxiliary
Brownian motion with ¢ = 1 and drift uzy € R ie. Z(a) = W(a) + pza. We
similarly define «(a) for this process as tz(a) = inf{Z(u) | v € [0,a]}. Jeanblanc
et al. (2009, p. 146) shows the joint distribution of Z(a) and the running minimum

tz(a) = min{z | 2 € mingepq Z(a')} as:

P(2(0) 2 myizla) 2 —) = @ (272 ) —exp(odume (T2 e



Set pyz = £, then 0Z(a) = X (a) and o1z(a) = t(a).” It follows that:

P(X(a) > z,u(a) > —y) =P(cZ(a) > x,017(a) > —y) =P <Z(a) >

SHES]

7LZ(a) 2 _y) .
o
So, equation (C.1) generalizes to X (a) as:

P(X(a) > 7,1(a) > —y) = {cp (”(’;f/a‘“L) —exp (—2;‘23/) o (”3 02\55 “a)] . (C.2)

Using the generalized equation in (C.2), the density for X (a) can be obtained by

differentiating it with respect to x:

PX(a) € dr,1(a) > —y) = ¢ (if—f/;“) —exp (—2) ¢ (wjfawa) N

Density and Cumulative Distribution of ¢(a).

Our results in the previous section makes it very easy to characterize P(c(a) > —vy).
It follows that P(X(a) > —y,i(a) > —y) = P(i(a) > —y) since X(a) > t(a). So,
P(.(a) > —y) can be obtained by setting x = —y in Equation (C.2):

Pl(a) > —y) = & ("“y) ~exp (-2:—3) o (“a — y) VyeR,.  (C4)

ova ova

The density P(t(a) € d(—y)) is given by differentiating the equation (C.4):
2 (p —2py pa—y 1 —Y — pa
P(u(a) € d(—y)) = . (cr exp ( o ) ¢ ( o ) + %(b ( P )) dy. (C.5)

Distribution of 7(—z).

) = P(«(a) < —y) which
allows us to relate our results on ¢(a) < —z to 7(—x) (Harrison, 2013; Shreve,
2004). This implies that the equation (C.4) for CDF of «(a) is identical to the CDF

of 7(—x):

We start with an important observation is: P(7(—y) < a
<a

®The first claim follows from: 0Z(a) = o(£a+ W (a)) = pa+ oW (a) = X(a), and the second claim
follows from omz(a) = inf{cZ(u) | u € [0,a]} = inf{a@ | u€0,a]} =inf{X(u) |ue]|0d}=
t(a).



P(r(—2) < ) = P(a) < —x) = 1 — P(u(a) > —2) Ve € R,
— 11— (”g;;) + exp (—?—f) ® (“5\;;) Vz € R,
S <%> + exp (—20’_‘—;“") o <“§J;> Yz € R,. (C.6)

The density of first hitting time of —z can be obtained from its cumulative distribution

given in equation (C.6) by differentiation:

—x — pa

afw( ova

This is the famous distribution of the first hitting time (Karatzas and Shreve, 2012).

P(r(—z) € da) = ) da VreR,. (C.7)

Joint Distribution of 7(—z) and ¢(q)

Our goal this section is to characterize the joint density P(7(—z) € da, t(q) € d(—vy)).
Establishing this result extends the result by Shepp (1979), which characterizes the
joint density of the maximum, its location and the endpoint. We start by studying the
cumulative distribution P(7(—x) < a,t(¢) < —y). Recall that the maximal decrease
is defined as: d(q1,q2) = inf{X(q2) — X(q1) | @ € [q1,q2]}. Thus, for every z,y € R,

we can write:

P(r(~2) < a.la) < —) = [ B(r(=2) € du.d(uq) < 2 = )du
= /Oa P(7(—x) € du, (¢ —u) <z —y)du

= / P(r(—z) € du)P(c(qg — u) <z —y)du (C.8)
0
The first line follows from definitions of 7(-) and 6(+). The second line follows from the

equivalence of 6(u,q) and ¢(q¢ — w). Finally, the last line follows from the stationary

independent increments.
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Differentiating equation (C.8), we can obtain that for every =,y € R,:

P(r(—z) € da,(q) € d(—y)) = 8]I”(T(—:12a§821,_Ly(;]) <7y _ 50 (98(—y) /0“ P(r(—x) € du)P(1(q—u) < z—y)du

By the fundamental theorem of calculus and the Leibniz rule for differentiation of

integrated functions, this expression can be written as:
P(r(—xz) € da,(q) € d(—y)) = P(7(—z) € da)P(i(q — a) € d(x —y))

This expression can be written explicitly using equation (C.5) for P(7(—x) € da) and
(C.7) for P(c(q — a) € d(x — y)) to get P(7(—x) € da,i(q) € d(—y)) as:

oa/a ov/a o2

x ¢<7x7ua)2 (uexp<2u(ﬂcy)) (b(u(q*a)ﬂw*y)) n d’(W)) dady (C.9)

Likelihood Ratio of 7(—x) and 7,(¢) at a

By definition of m*(X), the event m*(X) = a is given by the set of paths X (-) that
are in the event £ = {X (1) € X | 7(—z) = a} U{X() € X | 1(q) = X(a) > —z}.
We are interested in the conditional probability that P(r(—z) € da | ¥(:) € E) =
P(r(—x) € da | m*(X) = a). For all x € R, this is given by:

P(r(—z) € da)
P(r(—z) € da) + P(1.(q) € da | t(q) > —x)
_ P(r(—z) € da)
P(r(—x) € da) + fi)x P(7(z) € da,i(q — a) € dz)dz

P(r(—x) €da | X(-) € E) =

P(r(—z) € da)
P(r(—z) € da) + f_ox P(7(2) € da)P((q — a) € dz)dz
The first line follows from the Bayes Rule and the the definition of E. The second
line is the critical observation that P(7,(¢) € da, t(q) > —x) = fiv P(7(2) € da,(q) €

dz)dz . Finally, the last line follows from stationary independent increments of the

P(r(—z) €da | X(-) € E) = (C.10)

Brownian motion.
The analytical expression of the conditional expectation follows from the expres-
sions of P(7(—x) € da) in equation (C.7) and similarly P(7(—x) € da,(q) € d(—vy))

11



in equation (C.9). We can write down P(7(—z) € da | E) in (C.10) explicitly:
2o (=)

) (L A [ e
(C.11)

da.

P(r(—z) €da| X(-) € E) =

D Random Variables of Brownian Meander

The Brownian meander is extensively studied in the theoretical probability literature
starting with Durrett et al. (1977). The literature generally focuses on the Brownian
meander without the drift. One exception is a recent paper by lafrate and Orsingher
(2020) which characterize the distribution of the Brownian Meander with a drift,
although still fixing 0 = 1. We extend their results by allowing o € R,..

In order to describe the probability law of the Brownian meander, we characterize
P(X(a) € dz | t(q) > 0) by studying P(X (a) € dz | 1(q) > —y) for y € R, and taking
the limit as —y — 0. The reader is referred to Durrett et al. (1977) and Iafrate
and Orsingher (2020) for the details of the weak convergence. We take x,y € R,
and describe P(X(a) € dz | t(q) > —y) using the Bayes’ rule and the stationary

independent increments property of the Brownian motion X (a):

P(X(a) € dx | 1(q) = —y) =

P(u(q) = —y)
_ P(X(a) € dz,i(a) > —y,1(qg —a) > —(z+y))
P(«(q) > —y)
P(X(a) € dz | i(g) > —y) = Lol € 4T, L(G)Pi(;;;)f(i(j)— a) > —(z+y))

In the following sections, we will give an analytic expression for equation (D.1) and

obtain a companion result when X (a) is replaced with a Brownian bridge.

Distribution of M(a, q).

We have characterized the distribution for M(a,q) in equation (D.1) in terms of
P(X(a) € dz,t(a) > —y) and P(c(q) > —y) given in equation (C.3) and (C.4). Using

12



this, we can write P(X(a) € dz | 1(q) > —y) as

o (=ote) - oxp (-2 o (st | (SRR ) —oxp (<20 ) g (<2 pppie )|

@ (45) - exp (-2) @ (22) 7V

dx.

We are interested in lim_, - P(X(a) € dz | t(q¢) > —y) in order to characterize the
distribution of the Brownian meander. We evaluate this limit by looking at the limit
of each term. First we have:

P (z+y+u(q—a)> — exp (_ 2#(;;7;)) P (—m—yﬂt(q—a)) P <w+u(q—a)) — exp (_ 2;;(296)) P (—m+u(q—a)>

. ov/q—a ovq—a ov/q—a
lim =

—y—0- ova ova

This can be directly obtained by evaluating it at —y = 0, so we can then rewrite
lim_, ,o- P(X(a) € dz | 1(q) > —y) as:

© () —ew (CHP) @ (S55R) o (SH) e (U)o (Z0)
m .

i e () e () ()

Focusing on the second part with the limit, we have that:

o () oo (o (F)  vavew(54)9 ( S
—y—0- ¢<%>—exp(—?—f)@(j’7\j§q) T = (H\/anP(M Q) (1Y ) x.

%)
Hence, the distribution of the Brownian meander M (a, q) is given by:

var o (1) o (557) (0 (552) —ew (29 @ (55))
cava (nvaexp (48) o(“4) + &)

P(M(a,q) € dx) = x.

(D.2)
This distribution coincides with equation (1.4) in Iafrate and Orsingher (2020) when
o = 1, and it coincides with the well-known Rayleigh distribution whenever u = 0,

oc=1and a=gq.

Distribution of M(a,q) given M(q,q) = c.

We now turn our focus to the distribution of M (a, q) given a terminal value M (q, q) =
c. The special case of p = 0 and ¢ = 1 is analyzed in Devroye (2010) and Riedel
(2021). Our analysis follows a similar path to Riedel (2021).

When conditioned on X (q) = ¢, the distribution of the Brownian motion is in-
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dependent of its drift . For this special case, P(X(q) € de,t(q) € d(—y)) is known
(Karatzas and Shreve, 2012, p. 95):

P(X(q) € de,u(q) € d(—y)) = % exp <—%> dedy. (D.3)

As the Brownian motion has normally distributed increments, we can write:

P(X(q) € dc) = (D.4)

1 2
e (g ) e
V2ro,/q P 202q

We use the Bayes’ Rule and equations (D.3) and (D.4) to describe the density of ¢(q)

of a Brownian Bridge with terminal value ¢ at ¢:

L _ c C 02 — (C 2
P((0) € dl=y) | X(q) = ) = "D AN T €4 ) o (CZ BTN g,

We are interested in P(M (a, q) € dx | M(q,q) = ¢) =lim_, ,o- P(X(a) € dz | X(q) =

¢, 1(q) > —y). We follow a similar line of argumentation as before:

P(X(a) € dz,u(q) > -y, X(q) =¢) _ P(X(a) €dz,1(q) > —y | X(q) = ¢)
P((q) = —y, X(q) = ¢) P(u(q) = —y | X(q) = ¢)
_P(X(a) €dz,1(a) = —y | X(q) = )P(d(a,q) =2 —x | X(¢g —a) = c—x)
P(u(q) = —y | X(q) = ¢)
_P(X(a) € da | X(q) = )P(e(a) = —y | X(a) = 2, X(q) = 0)P(d(a,q) = —2, X(¢ —a) = c — x)
P((q) > —y, X(q) = ¢) '

(D.5)

The first equality follows from Bayes rule. The second and third equality follow
from stationary independent increments and the definitions of the related random
variables. We provide a closed-form expression for equation (D.5), by studying each
term separately. We start with P(X(a) = z | X(¢) = ¢) in the numerator. This is
the well-known distribution over a Brownian bridge given by (Shreve, 2004; Harrison,
2013):

P(X(a) € dz | X(q) = ¢) = S )dx. (D.6)

1
i o=
a\/% (g —a) 0'\/% q—a
We shift our focus to the second expression on the numerator. Note that P(c(a) >

—y | X(a) =2,X(q) =¢) =P(«(a) > —y | X(a) = x). Thus, this expression can be
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directly calculated from (D.3).
0 —2y(x
P((a) > —y | X(a) =2) = [ P(X(a) € dz,t(a) € du)du =1 —exp <2y(+y)) . (D.7)

o2a

P(6(a,q) > —z|X (¢ —a) = c—x) and P(c(a) > —y|X(q) € dc) is obtained similarly.

P(d(a,q) > -z | X(g—a)=c—2)=PQ(qg—a) > -2 | X(¢—a) =c—x)
:1_6Xp(—2x(c—$+x))

0*(q — a)
P(6(a,q) > -z | X(g—a)=c—x)=1—exp (%). (D.8)
P(a) 2~y | X() = ) = 1 - exp () (D.9)

We are interested in P(X(a) = = | X(q) = ¢,u(q) > —y) described in (D.5) as
—y — 07. Observe that P(c(¢—a) > —x | X(¢—a) € d(c—z)) and P(c(¢—a) > —x |
X(q —a) € d(c—z)) does not depend on y. Inspecting the limit involving equation
(D.7) and (D.9), we have that:

1 —exp(Zty gy
lim = o2t ) _ 1% D.10
20~ 1—exp(gt)  ca (D10)

Using (D.5), (D.6), (D.8), and (D.10) we can write P(X (a) = z | X(q) = ¢,t(q) > —v)

as:

P(X(a) € dz | X(q) € de,u(q) > 0) = Zz(i/(;f(q\/;;z (1 ~exp (02(q2c_xa)>) dr.  (D.11)

So, we can rewrite Equation (D.11) as the following. We make two observations to

. . . . qz 1 _ zq./q ipe
simplify the expression. First £ Ve aavias Second, by the definition of
¥(+), we have

q

a

r— < a

r—

(o M) i) A )
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Thus, we obtain

POY(0) € do | X(0) = cutla) > 0) = = [¢( f;ﬁo) ( \/f;qu)}dx

(D.12)
This coincides with equation (3.4) in Riedel (2021) if 0 = 1, and Durrett et al. (1977).

Moments of M (a,q) conditional on M(q,q) = ¢

Using equation (D.12), we can write the expectation.’
BLX ()] X(0) = coolg) 2 0] = [ aP(X(a) € do | X(q) € desela) = 0)ds
0

First, we can simplify the integral by writing the normal density explicitly and taking
all possible constants out. We write E[X (a) | X(q) € de, t(q) > 0]:

o ) o ) (o () o (5

We set A = 2a(q Tal—a)o? and B = W, and simplify the expression as.”
_ _ av4q 1 —c*a > /OO 2 2 o
E[X(a) | X(q) =¢,1(q) > 0] = cavavi a0 732> ( 2qa a2 ) ), © exp (—Az?) sinh(Bz)dz.
(D.13)

Riedel (2021) shows that for constants A and B, we have the following.®

/ z” exp (—Az?) sinh(Bz)dx =
0

f[2A+B2]e4A erf (2\F> B
4424 242 |

So, E[X(a) | X(q) = ¢,t(q) > 0] given by equation (D.13) is

_ o a/a 2 —c2a N4 [214 + 32] 64A erf (T) B
BLX(0) | X(0) = cla) > 0) = -2 ex (2q(q_a)02)[ — A

We can simplify this expression as:

6This integral is very similar to the one studied by Riedel (2021) in Equation (9.1)
"Here sinh(-) := €* — e~® denotes the Hyperbolic Sine function.
8This coincides with Equation (9.3) in Riedel (2021), except the coefficients A and B are different.
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E[X(aHX(q):c,L(q)zm:G(qquerfL ;ﬁ ]*eXp<zq(_ca ) 210,

c q(q — a) q—a)o? qm
(D.14)
from the following identities involving A = and B = _° .
2a(q — a)o? (g —a)o?

_ 2 2
o(q—a)g+c a, JAZA — V2(¢*/9) ’
(g — aio? aya)q —apvi—a
B ca B cta B 20%*q—a)a’c
WA \20q—a)ge  4A 2q(g—a)o? 242 q '

24+ B* =

E Proofs of Corollaries in the Main Text

Proof of Corollary 1.  Consider the first-point strategies m;(-) and m}(-) for
games with action spaces A = [0, ¢] and A" = [0, ¢'] with ¢ < ¢ < ¢umax. By definition
of a first-point strategy, for every ¢» € W it holds that ¥ (m;(v)) > ¥ (m;, (¢)) > b,
where the set of paths that this holds with equality has measure zero under w(-). The

conclusion follows immediately. m

Proof of Corollary 2. Similarly, take any realized path 1(-). Consider the
first-point strategies m;(-) and mj, () for games with bias b < b’ such that the first-
point equilibrium exists. By definition of a first-point strategy and continuity of the
Brownian path: (i) If ¢)(m;(¢)) = b, then ¢(mj,(v)) = b'; (i) If ¥/ > (m;(¥)) > b,
then 1 (m, () = b and (i) I (m5(6)) > b/, then ¢(my (1)) = w(mi, () > b
Thus, for all paths (mj, (1)) —b < 1(mj(¢)) —b with the inequality is strict for a
measurable set of paths. The opposite is true relative to the receiver’s ideal outcome

of 0. The conclusion follows. =

Proof of Corollary 3. By construction, we have that:

E[p(r™) [ m™ () = 1] = P(u(q) > b) Ele(q) [ e(q) > b] + P(e(g) <) b

We have ¢(a) = pa + oW (a) where W(a) is the Wiener Process. It is a well-known
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result that W(a) < 0 for some a with probability one. Thus, with probability one
there exists a s.t. ¥ (a) < pa. As 0 — oo we have that ¢(a) < b for some a € [0, ¢|
with probability 1. It follows that o — oo, P(¢(¢) < b) — 1 and the result holds. =

F Natural Language Refinements

This allows the sender to use ‘neologisms’ — messages not used in the equilibrium
with a natural meaning — to communicate about her type without being constrained

to the meaning of equilibrium messages.

Definition 1. For each ©, a neologism is a message n(©). A neologism is be-
lieved if it causes the receiver to adopt beliefs by conditioning on the event ¢ € O,
Le. w(y |y € 0O).

A neologism n(0) is credible if types in © prefer the resulting payoff if n(0) is believed
over the equilibrium payoff; and everyone else prefers the equilibrium payoft over the
resulting payoff if n(0) is believed. Formally, we can state if a neologism is credible

based on the following set of inequalities:

Definition 2. Neologism n(©) is credible relative to an equilibrium (m, a,w) if it
satisfies (N1) and (N2):

(N1) uS(a'|) > u®(m,aly) Voo € © and @' € argmax ey uft(a”, ) € O).

(N2) uS(d'|) < u(m,aly) Vi ¢ © and @' € argmax x4 uft(a”, 1]t € O).
Farrell (1993) provides the literal meaning of the neologism n(©) as the following;:

“My type is ¢ € ©. You should believe me because if my type is in O, it is
better for me to reveal that my type is in the set © instead of obtaining the
equilibrium outcomes. If my type is not in ©, it is better for me to receive the

equilibrium outcome instead of you believing that my type is in the set ©.”

Definition 3. An equilibrium (m, a,w) is neologism-proof if no neologism is cred-

ible relative to it.

Remark 1. Neologism-proofness is essentially a property about equilibrium payoffs.
It follows from (N1) and (N2) that an equilibrium is neologism proof if all equilibria

giving rise to the same payoffs are neologism proof.
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Remark 2. In the Brownian model certain types of neologism might lead to un-
defined posterior beliefs. For example, consider the neologism “The realized path
is differentiable.” The posterior w(¢ | ¥ € ©) corresponding to this neologism is
not well-defined, and can have an arbitrary value. This is not an issue for our con-
clusions, because the equilibria that we show to be neologism-proof are immune to
any neologism and arbitrary beliefs w(¢ | ¥ € ©) as the equilibrium outcomes are

sender-optimal.

Announcement-Proof Equilibria.

An extension of neologism-proofness of Farrell (1993) is the announcement-proofness
notion of Matthews, Okuno-Fujiwara, and Postlewaite (1991) (Hereafter referred as
M-OF-P). Their insight is that one should consider all possible neologism together,
instead of considering deviations by a single neologism in isolation. They formalize
this by studying deviations from the equilibrium by an announcement strategy which
specify all sender types that use neologisms (deviant types) and which neologisms

they use.

Definition 4. An announcement strategy for the sender is (n, ©) where © C V¥ is
a measurable set of deviant types and n : © — AM is a neologism strategy. Moreover,

the triplet (s,n,0) with s € n(0©) is called an announcement.

Definition 5. The announcement is believed if the receiver is convinced that
every type ¥ € © makes the announcement (s,n,0) with s chosen according to
n(- | ¥), and no type that is not in © would have made such an announcement. If
the announcement is believed the receiver has a posterior belief given by the Bayes’
Rule, i.e. w(y | n(y) =s,1 € O).

M-OF-P (1991) provides the literal meaning of announcement (s, n, ©) as:

“My type is 1 € O, and I am sending message s according to strategy n(- | ).
If I had been type ' € O, I would have made an announcement that differed
only in so far as s would have been chosen according to strategy n(- | ). If my

type had not been in ©, I would not have used announcement strategy (n,©).”

To formalize which announcements are credible, and thus believed, we introduce some
additional definitions from M-OF-P (1991).
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e Pessimistic sender of type ¢ who announces (s, n, ©) when it is believed expects:

u®(5,n,0 | ¢) =min {u’(a | ¥) : a € argmax {u™(a' | n(¢)) = 5,0 € O)} }.
a’€AA

e Optimistic sender of type 1) who announces (s, n, ©) when it is believed expects:

7°(s,n, 0 | 1) = max {u®(a | ¥) : a € argmax{u(d | n(¢) = s,¢ € ©)}}

a'EAA

Definition 6. An announcement strategy (n,©), and the corresponding announce-
ments (s,n,0) are weakly credible at equilibrium (m, a,w) if they satisfy the fol-

lowing three conditions:

(A1) Pessimistic deviant types prefer the announcement payoff to the equilibrium,

with the inequality strict for some ¢ € © and s € n():

u’(s5,n,0 | ) > u’(m,a | ) for every ¢» € © and s € n(z))

(A2) Optimistic non-deviant types prefer the equilibrium to the announcement:

7 (s,m,0 | ¥) < u’(m,a | ) for every ¢ € ¥\ © and s € n(0).

(A3) The announcement is internally consistent:

u’(s,m,0 | ¥) >u°(s',n,0) for all p € O, s € n(v), and s’ € n(O) \ {s}.

Definition 7. An equilibrium (m,a,w) is strongly announcement-proof if no

announcement is weakly credible relative to (m,a,w).

Remark 3. Strong announcement-proofness is a stronger condition compared to
neologism proofness. It is an immediate observation that neologism-proofness is a
special case of announcement-proofness when all sender deviant types © follow the
same strategy n(©) = ©. This can be formally observed by comparing (N1) and (N2)
with (A1) and (A2) — and (A3) is vacuously satisfied. Thus, every neologism forms

a weakly credible announcement, but not vice versa.
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M-OF-P (1991) also introduces a weaker version of strongly announcement-proof
equilibria called announcement-proof equilibrium. This is done by strengthening the

weak credibility with an additional condition (A4).

Definition 8. An announcement strategy (n,©), and the corresponding announce-
ments (s,n,O) are credible at equilibrium (m, a,w) if they satisfy conditions (A1),
(A2), (A3) and (A4).

(A4) Consider any other (n’, ©) that satisfies (A1),(A2) and (A3) relative to (m, a,w):

u’(s,m,0 | ) >0 (s,n,0 | ) forall iy € ON O, s €n(y), and s’ € n'(¢).

Definition 9. An equilibrium (m,a,w) is announcement-proof if no announce-
ment is credible relative to (m, a,w). Moreover, either all or none of the equilibrium

that gives rise to a particular outcome are strongly announcement-proof.

Remark 4. It is also true that strong announcement-proofness and announcement-
proofness are essentially a property about equilibrium payoffs. Either all or none
of the equilibria that gives rise to a particular equilibrium payoff are (strongly)

announcement-proof.”

G Other Complex Environments

Minimal Complexity. Let the state space be ¥ = R x {—1,1} such that for
(w, z) € ¥ we have that ¢(a | w, z) = b+z(a—w). The receiver has prior beliefs given
by w((w, z)) over W. Note there is no known status quo point. The sender follows the
first-point strategy (the optimal action is now unique and the ‘first’ modifier moot)
m*: ¥ — R.

For the receiver, the set of states consistent with a recommendation r* are:
m*tr*) = {(r*,=1),(r*,1)}. m* ' (r*) is not single valued for any 7* € R, thus
m*(-) satisfies partial invertibility. Sender strategy m*(-) satisfies response uncer-
tainty, as the set of optimal responses to the states that are consistent with message

r* are given by: a(m*~*(r*)) = {r* — b,r* + b}.

9This follows from the fact that conditions A1-A3 refer to the equilibrium only through the interim
utility levels it gives the Sender and condition A4 is not a condition on the equilibrium.
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To check receiver incentive compatibility, consider a deviation a’ € A given rec-
ommendation r*. The receiver’s conditional beliefs are w((r*,1) | m(¢) = r*) and
w(r*,—1 | m*(¢p) = r*) where w(r*,1 | m*(¢) = r*) + w(im*, =1 | m*(¢) =r*) = 1.

Bla | m* () =17) = —wlm, 1 [m* () =)+ (0 =) = o, -1 [ () = )6~ (a )
= b —(a—71)2%=2b(a—r*) (w1 ") —1)
%E(a |m*()=r") = =2]a—1"]=20Q2w(r", 1| m*(¥) =r")—1)
2
LB m @) =r) = -2

The first order condition is satisfied if and only if w(m*, 1 | m*(¢) = r*) = 1.

Sender-Receiver Misalignment without Directional Uncertainty. Let the
action and message spaces be the set of positive integers. The state space is ¥ =
Z, x {1,2} such that for (w,z) € ¥:

b ifa=w
Y(a|w,z) =140 ifa=w+z
1006 ifa ¢ {w,w+ z}

The receiver has beliefs prior belief given by w((w, z)) over . Note there is no known
status quo point. The sender follows the first-point strategy (the optimal action is now
unique and the ‘first” modifier moot: m* : ¥ — R. For the receiver, the set of states
consistent with a recommendation 7* are: m*~'(r*) = {(r*,1), (r*,2)}. m* ' (r*) is
not single valued for any r* € R. Thus m*(-) satisfies partial invertibility. Sender
strategy m*(-) satisfies response uncertainty, as the set of optimal responses to the
states that are consistent with recommendation 7* are given by: a(m*~!(r*)) = {r* +
1,7* 4+ 2} To check receiver incentive compatibility, consider a deviation a’ € A given
recommendation 7*. The receiver’s conditional beliefs are w((r*, 1) | m*(¢) = r*) and
w((r*,2) | m*(¢) = r*) where w(r*,1 | m*(¢) = r*) + w(r*,2 | m*(¢) =r*) = 1.
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4
—b? if q =r*

—w(r*, 2 | m*(y) = r*)100000% if a =r* + 1
—w(r*, 1| m*(¢)
\_10000b2 lf a ¢ {7"*,’]"* + 1’7,,* + 2}

E(a [ m”) =

r*)100006% if @ = r* + 2

It is optimal for the receiver to follow the recommendation as long as w(r*, 1 | r*(¢)) =

r*) is not too close to 0 or 1.

Local Uncertainty. The space of outcome maps ¥ is the paths of Ornstein-
Uhlenbeck process. Formally, ¥ is the set of solutions to the following stochastic dif-
ferential equation where W (a) is the Wiener process: di)(a) = —k (¢(0) — ¢(a)) da+
odW (a) For this process k is the mean-reversion coefficient, and o is the volatility
term.

Partial invertibility is satisfied under the first-point strategy as, just like the Brow-
nian Motion, there are infinitely many paths ¢ (-) of the Ornstein-Uhlenbeck process
consistent with the message m*(¢)) = r*. Moreover, for every action a € R, there
exists a realization of ¢ such that ¢ (a) € argmax, —1(a)?, and the response uncer-
tainty is also satisfied.

Consider the recommendation r* and a deviation a € R. Deviations to a < r*
are worse for the receiver as, by the first-point strategy and the continuity of OU
process, ¥(a) > b for every a < r* with certainty. For deviations a > r*, the expected

outcome and variance are, recalling that 1(0) is the mean of the process:

Ely(a) [ m* () = '] = ¢(0) = (¥(0) = (r")) exp(=r(a — 7))

* * 9 *
Var((a) | m*(9) =r7) = (1 — exp[~2r(a —17)])
As exp(—k(a — %)) < 1, the expected outcome is weakly greater than m*(¢)) for
a > r* whenever ¥(r*) < 1(0), which must be true given the first-point strategy.

As variance is positive, it is optimal for the receiver to accept the recommendation.
(Note that this argument holds even if ¥ (r*) € (b, (0)]).
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