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We consider the best-arm identification problem in generalized linear bandits: each arm has a vector of 
covariates, there is an unknown vector of parameters that is common across the arms, and a generalized 
linear model captures the dependence of rewards on the covariate and parameter vectors. The goal is to 
identify a near-optimal arm with high probability while minimizing the number of arm pulls (i.e., the 
sampling budget). We propose the first algorithm for this problem and provide theoretical guarantees on 
its accuracy and sampling efficiency.
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1. Introduction

The multi-armed bandit problem is a prototypical model for 
optimizing the tradeoff between exploration and exploitation. We 
consider a pure-exploration version of the bandit problem known 
as the best-arm identification problem, where the goal is to min-
imize the number of arm pulls required to select an arm that is 
- with sufficiently high probability – sufficiently close to the best 
arm. We assume that each arm has an observable vector of covari-
ates or features, and there is an unknown vector of parameters 
(of the same dimension as the vector of features) that is com-
mon across arms. Hence, with every pull of an arm, the decision 
maker refines the estimate of the unknown parameter vector and 
learns simultaneously about all arms. Whereas in a linear bandit 
the mean reward of an arm is the linear predictor (i.e., the in-
ner product of the parameter vector and the feature vector), in our 
generalized linear model the mean reward is related to the lin-
ear predictor via a link function, which allows for mean rewards 
that are nonlinear in the linear predictor, as well as binary or 
integer rewards (via, e.g., logistic or Poisson regression). Our moti-
vation for studying this version of the bandit problem comes from 
drug design, where arms correspond to drugs, the covariate vec-
tors describe biological properties of the drugs, and the inverse 
link function in the generalized linear model captures the nonlin-
ear and perhaps binary relationship between the covariates and 
the experimental outcomes.
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There is a vast literature on best-arm identification in the 
multi-arm bandit setting with independent arms, where pulling 
one arm does not reveal any information about the reward of other 
arms ([2] and references therein). Rather than assume independent 
arms, our formulation considers parametric arms, where each arm 
has a covariate vector and there is an unknown parameter vector 
that is common across arms. There has been considerable work on 
the linear parametric bandit (i.e., the mean reward of an arm is the 
inner product of its covariate vector and the parameter vector) un-
der the minimum-regret objective ([8] and references therein) as 
well as alternative probabilistic models of arm dependence (e.g., 
[9] and references therein). Relevant for our purposes, the general-
ized linear parametric bandit, which uses an inverse link function 
to relate the linear predictor and the mean reward, has been stud-
ied under regret minimization [3,6].

However, relatively little work exists on best-arm identification 
in parametric bandits. Major progress has been made in [10] by 
proposing the first adaptive algorithm for best-arm identification 
in linear bandits. These authors design a gap-based exploration 
algorithm by employing the standard confidence sets constructed 
in the literature for linear bandits under regret minimization. We 
adapt the gap-based exploration algorithm of [10] from the linear 
setting to the generalized linear case, which requires us to derive 
confidence sets for reward gaps between different pairs of arms. In 
the regret-minimization setting, the typical approach to the linear 
bandit is to develop a confidence set for the unknown parameter 
vector that governs the rewards of all arms, whereas in the best-
arm setting, a confidence set on the reward gaps is needed. In the 
best-arm identification for the linear bandit [10], the authors were 
able to convert the confidence set for the parameter vector into 
efficient confidence sets for the reward gaps. However, this ap-
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proach breaks down in the generalized linear bandit; i.e., naively 
converting the confidence set for the parameter vector in [3] into 
confidence sets for reward gaps between arms leads to extremely 
loose confidence sets, which strongly degrades the performance of 
the gap-based exploration algorithm. Rather than use this indirect 
method, we build gap confidence sets directly from the data.

The remainder of this paper is organized as follows. In Sec-
tion 2, we formulate the best-arm identification problem for gen-
eralized linear bandits. We describe our algorithm in Section 3 and 
establish theoretical guarantees in Section 4. We provide conclud-
ing remarks in Section 5.

2. Problem formulation

Consider a decision maker who is seeking to find the best (i.e., 
highest mean reward) among a set of K available arms. We let 
[K ] = {1, 2, · · · , K } denote the set of possible arms. There is a 
feature vector xa ∈ Rd associated with arm a, for a ∈ [K ]. These 
feature vectors are known to the decision maker and each summa-
rizes the available information about the corresponding arm.

The decision maker chooses an arm at to play in each round 
t . We employ a generalized linear model [7] and assume that a 
stochastic reward rt is observed whose distribution lies within the 
exponential family; i.e., having a probability density function of the 
form

p(rt) = exp(rtθ
ᵀxat − b(θᵀxat ) + c(rt)), (1)

where θ ∈ Rd is an unknown parameter that governs the reward 
of all arms, b(·) and c(·) are real functions such that μ(z) = d

dz b(z)
for all z ∈ R, where μ : R → R is a strictly increasing function 
known as the inverse link function. In our model, the rewards of 
every arm are governed by the same inverse link function. Hence, 
according to the properties of the exponential family, we have

E[rt |at] = μat = μ(θᵀxat ). (2)

Given at and θ , the rt ’s are independent random variables. Differ-
ent choices for the function μ(z) in (2) result in modeling differ-
ent reward structures inside the exponential family. For example, 
choosing μ(z) = ez and μ(z) = 1/(1 +e−z) correspond to a Poisson 
regression model and a logistic regression model, respectively.

Let a∗ = arg maxa∈[K ] μa be the optimal arm; i.e., the arm with 
the highest expected reward. Throughout this study, we break ties 
randomly whenever the arg max operator returns more than one 
value. By exploring different arms, the decision maker is trying to 
find the optimal arm as soon as possible based on the noisy ob-
servations. Let τ be a stopping time that dictates whether enough 
evidence has been gathered to declare the optimal arm. The de-
clared optimal arm is denoted by âτ . An exploration strategy can 
be represented by S = (A, τ ), where, at any time t , A is a function 
mapping from the previous observations {(ai, ri)}t−1

i=1 to the arm at

to be played next, and τ determines whether enough information 
has been gathered to declare the optimal arm, âτ . Because finding 
the exact optimal arm may require a prohibitively large amount of 
exploration, the performance of an exploration strategy is evalu-
ated via the following relaxed criterion.

Definition 1. Given ε > 0 and δ ∈ (0, 1), an exploration strategy 
S = (A, τ ) is said to be (ε, δ)−optimal if

P
[
μ(θᵀxa∗

) − μ(θᵀxâτ ) ≥ ε
]

≤ δ. (3)

In this definition, ε denotes an acceptable region around the 
optimal arm and 1 − δ represents the confidence in identifying an 
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arm within this region. This criterion relaxes the notion of opti-
mality by allowing the exploration strategy to return a sufficiently 
good – but not necessarily optimal – arm. With this definition in 
place, the decision maker’s goal is to design an (ε, δ)−optimal ex-
ploration strategy with the smallest possible stopping time.

Before proceeding to the algorithm, we introduce additional 
notation and state a set of regularity assumptions. We let X =
{xa}a∈[K ] denote the set of feature vectors and assume that fea-
ture vectors, the unknown reward parameter and the rewards are 
bounded; i.e., there exist S, L, R > 0 such that ‖θ‖2 ≤ S , ‖x‖2 ≤
L ∀x ∈ X , and rt ≤ R almost surely for all t . We also assume 
that μ is continuously differentiable, Lipschitz continuous with 
constant kμ and satisfies cμ = infθ :‖θ‖≤S, x∈X μ̇(θᵀx) > 0. For ex-
ample, in the case of logistic regression, R = 1, kμ = 1/4 and cμ

depends on supθ :‖θ‖≤S, x∈X |θᵀx|. While our algorithm and analy-
sis will hold with any upper bound on kμ and any lower bound 
on cμ , we assume that kμ and cμ are known and given. We define 
the gap between any two arms i, j ∈ [K ] to be �(i, j) = μi −μ j =
μ(θ	xi) − μ(θ	x j) and define the optimal gap associated to an 
arm i ∈ [K ] as

�i =
⎧⎨
⎩

μ(θ	xa∗
) − μ(θ	xi) if i 
= a∗

μ(θ	xi) − max
j 
=i

μ(θ	x j) if i = a∗. (4)

Finally, for any positive semi-definite matrix A, we let ‖x‖A =√
x	 Ax.

3. The proposed algorithm

In this section, we propose an exploration strategy for the prob-
lem formulated in Section 2. Following [10], our algorithm consists 
of the following steps:

1. Build confidence sets for the pairwise gaps between arms,
2. Identify the potential best arm and an alternative arm that has 

the most ambiguous gap with the best arm,
3. Play an arm to reduce this ambiguity.

These steps are repeated sequentially until the ambiguity in step 2 
drops below a certain threshold.

The confidence sets are derived in Subsection 3.1 and the algo-
rithm is presented in Subsection 3.2.

3.1. Confidence sets for gaps

To build the confidence sets for reward gaps, we follow ideas 
in [3] but develop confidence sets directly for gaps instead of arm 
rewards.

Let xl = xal be shorthand notation for the feature vector 
associated with the arm played in period l and let Ht−1 =
{(x1, r1), (x2, r2), · · · , (xt−1, rt−1)} be the history of actions played 
and random rewards observed prior to period t . For any t > 0, let 
Mt = ∑t−1

l=1 xlx	
l and assume it is nonsingular for any t > E for 

some fixed value E > d. We let λ0 > 0 be the minimum eigenvalue 
of ME+1 and define κ = √

3 + 2 log(1 + 2L2/λ0). Given the obser-
vations by the start of period t , by (1) the Maximum Likelihood 
(ML) estimate of the reward parameter, θt , solves the equation

t−1∑
l=1

(rl − μ(θ
ᵀ
t xl))xl = 0. (5)

Based on the estimated reward parameter, we can take

�t(i, j) = μ(θ	
t xi) − μ(θ	

t x j) (6)
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.

as an estimate for the gap between arms i, j ∈ [K ], which is a func-
tion of the observations made prior to period t .

Given δ ∈ (0, 1), let

Ct = α

√
2d log t log

(π2dt2

6δ

)
, (7)

where α is a tunable parameter and Ct is a time-varying quantity 
that scales the width of the confidence sets for all pairs of arms. 
We set

α = 2κ R

cμ
(8)

in the theoretical analysis in Section 4, and set α so as to achieve 
robust performance across a variety of scenarios in the computa-
tional study in [5]. We consider the following confidence set for 
the gap between any two arms i, j ∈ [K ] based on the observa-
tions made prior to period t:

Ct(i, j) =
{
� ∈R : |� − �t(i, j)| ≤ Ct max

c,c′∈[cμ,kμ]
‖cxi − c′x j‖M−1

t

}
(9)

The confidence set defined in (9) is centered around the estimated 
gap between the two arms in (6) and, as we will show in Section 4, 
contains the true gap with high probability. To further simplify the 
representation, we let

βt(i, j) = Ct max
c,c′∈[cμ,kμ]

‖cxi − c′x j‖M−1
t

(10)

represent the width of the confidence set in (9). In (10), the matrix 
M−1

t is the inverse of Mt . This matrix norm reflects the fact that 
the shape of the confidence sets depends heavily on the previously 
observed data; i.e., we have higher confidence in directions where 
more data have been observed. The right side of (10) is derived by 
linearizing the inverse link function, and the maximization takes a 
conservative approach by using worst-case slopes c and c′ .

Although we follow the basic approach in [3] in deriving these 
confidence sets, it is worth mentioning that they cannot be de-
duced from the results presented in [3]. More precisely, an imme-
diate use of the results in that paper gives rise to a confidence 
set that is similar to (9) except that maxc,c′∈[cμ,kμ] ‖cxi − c′x j‖M−1

t

is replaced by the factor 
(
‖xi‖M−1

t
+ ‖x j‖M−1

t

)
, which would be 

much looser because the feature vectors xi and x j could be close 
to each other. On the other hand, an even tighter bound would de-
pend on ‖xi − x j‖M−1

t
, but – as with earlier work – we have been 

unable to derive such a bound.
While linearizing the inverse link function introduces some 

looseness into the analysis, empirical methods such as the likeli-
hood method, the lack-of-fit method or the bootstrap method do 
not provide a theoretical guarantee and require the sequential data 
that are generated to be independent and identically distributed. 
Moreover, the conservative approach of taking worst-case slopes c
and c′ in (10) is required to obtain a theoretical bound, but in-
troduces additional looseness into the analysis. We alleviate this 
looseness by downscaling the theoretical length of the confidence 
set in the numerical results in [5].

3.2. The algorithm

With the confidence sets established, we are now ready to de-
scribe our proposed algorithm. Details and successive steps of the 
proposed algorithm are presented in Algorithms 1-3. Following the 
367
Algorithm 1: GLGapE.
Input: X , ε, δ, E, α, S, L, R, cμ, kμ

Output: approximately best arm âτ

1: Initial Exploratory Phase: Play E random arms and gather observations in 
H E , and initialize Ta(t)’s for the played arms

2: for t > E do
3: //select a gap to examine
4: it , jt , B(t), yt ← select-gap(X , Ht−1, cμ, kμ)

5: if B(t) ≤ ε then
6: return it as the best arm
7: end if
8: //select an action
9: at ← select-arm(X , Ht−1, T (t), yt )

10: Play at

11: Observe rt

12: Ht = Ht−1 ∪ {(xt , rt )}
13: Ta(t) = Ta(t − 1) + 1
14: end for

Algorithm 2: Select-gap.
Input: X , H, cμ, kμ

Output: a gap to be examined
1: Find the ML estimate θt

2: it ← arg maxi∈[K ] μ(θ	
t xi)

3: jt ← arg max j∈[K ], j 
=it
�t ( j, it ) + βt (it , j)

4: Find c1, c2 = arg maxc,c′∈[cμ,kμ] ‖cxit − c′x jt ‖M−1
t

5: Let yt = c1xit − c2x jt

6: B(t) ← �t ( jt , it ) + βt (it , jt )

7: return it , jt , B(t), yt

Algorithm 3: Select-arm.
Input: X , H, T , y
Output: arm to be played

1: Find w∗
1, · · · , w∗

K as the solution of

arg min{wa}
∑K

a=1 |wa| s.t.
∑K

a=1 waxa = y

2: Determine pa = |w∗
a |∑K

k=1 |w∗
k | for a = 1, · · · , K

3: Find ât = arg mina∈[K ]:pa>0
Ta(t)

pa

4: return ât

gap-based exploration scheme, the proposed algorithm consists of 
two major components that are described below.

Selecting a gap to explore: The algorithm starts by playing E > d
random arms such that ME+1 is nonsingular. While we have not 
optimized this parameter for the algorithm, taking E = min{K , 3d}
has worked well in all of our numerical studies [5]. At any subse-
quent period t > E , the algorithm first finds the empirically best 
arm it = arg maxi∈[K ] μ(θ	

t xi). Then, to check whether this arm is 
within ε distance of the true optimal arm, the algorithm takes a 
pessimistic approach. In particular, it finds another arm that is the 
most advantageous over arm it within the gap confidence sets; i.e., 
jt = arg max j∈[K ], j 
=it

�t( j, it) + βt( j, it). Note that this pessimistic 
gap consists of two components: the estimated gap and the uncer-
tainty in the gap.

If this pessimistic gap is less than ε , the algorithm stops 
and declares the empirically best arm as the optimal arm. Oth-
erwise, it selects an arm to reduce the uncertainty compo-
nent in the identified gap. According to (10), this uncertainty 
is governed by ‖yt‖M−1

t
where yt = c1xit − c2x jt and c1, c2 =

arg maxc,c′∈[cμ,kμ] ‖cxit − c′x jt ‖M−1
t

.

Selecting an arm: While there are different ways to reduce 
‖yt‖M−1

t
, we follow the approach in [10]. With a slight abuse of 

notation, let us define Mzn =∑n
i=1 zi z	

i for any sequence of feature 
vectors zn = (z1, z2, . . . , zn) ∈ X n , where n represents a generic 
time period. Let z∗

n(y) = arg minzn∈X n ‖y‖M−1
zn

be the sequence of 
feature vectors that would have minimized the uncertainty in the 



A. Kazerouni and L.M. Wein Operations Research Letters 49 (2021) 365–371
direction of y. For each arm a ∈ [K ], let pa(y) denote the relative 
frequency of xa appearing in the sequence zn when n → ∞. As has 
been shown in Section 5.1 of [10],

pa(y) = |w∗
a(y)|∑K

k=1 |w∗
k(y)| , (11)

where w∗(y) ∈RK is the solution of the linear program

min
w∈RK

‖w‖1 s.t.
K∑

k=1

wkxk = y. (12)

To minimize the uncertainty in the direction of yt , the algorithm 
plays the arm

at+1 = arg min
a∈[K ]:pa(yt )>0

Ta(t)

pa(yt)
, (13)

where Ta(t) is the number of times arm a has been played prior 
to period t .

4. Theoretical analysis

In this section, we provide theoretical guarantees for the per-
formance of the proposed algorithm. We prove that the algorithm 
indeed finds an (ε, δ)−optimal arm in Subsection 4.1 and provide 
an upper bound on the stopping time of the algorithm in Subsec-
tion 4.2.

4.1. (ε, δ)-optimality of the proposed algorithm

We start by proving that the confidence sets constructed in Sec-
tion 3.1 hold with high probability at all times.

Proposition 1. Fix δ and t such that 0 < δ < min(1, d/e) and t >

max(2, d), where d is the feature dimension. Then the following holds 
with probability at least 1 − δ:

∀x, x′ ∈ X : | [μ(θ
ᵀ
t x) − μ(θ

ᵀ
t x′)

]− [
μ(θᵀx) − μ(θᵀx′)

] |
≤ Dt(δ) max

c,c′∈[cμ,kμ]
‖cx − c′x′‖M−1

t
, (14)

where

Dt(δ) = 2κ R

cμ

√
2d log t log(d/δ). (15)

The proof is a slight modification of the proof of Proposition 1 
in [3].

Proof. Let gt(β) = ∑t−1
l=1 μ(β	xl)xl . According to (5), the ML es-

timate θt satisfies gt(θt) = ∑t−1
l=1 rlxl . By the mean value theorem, 

there exist points z, z′ with c = μ̇(z), c′ = μ̇(z′) such that

| [μ(θ
ᵀ
t x) − μ(θ

ᵀ
t x′)

]− [
μ(θᵀx) − μ(θᵀx′)

] |
= | [μ(θ

ᵀ
t x) − μ(θᵀx)

]− [
μ(θ

ᵀ
t x′) − μ(θᵀx′)

] |,
=
∣∣∣[μ̇(z)(θt − θ)	x − μ̇(z′)(θt − θ)	x′]∣∣∣ ,

=
∣∣∣(θt − θ)	(cx − c′x′)

∣∣∣ . (16)

On the other hand, by the fundamental theorem of calculus, we 
have

gt(θt) − gt(θ) = Gt(θt − θ), (17)

where
368
Gt =
1∫

0

∇gt(sθ + (1 − s)θt) ds.

The definition of gt(β) implies that for any β ,

∇gt(β) =
t−1∑
l=1

xlx
	
l μ̇(β	xl).

It follows that Gt � cμMt � cμMd � λ0 I � 0. Hence, Gt and G−1
t

are positive definite and nonsingular. Therefore, from (16) and (17), 
it follows that∣∣[μ(θ

ᵀ
t x) − μ(θ

ᵀ
t x′)

]− [
μ(θᵀx) − μ(θᵀx′)

]∣∣
=
∣∣∣(cx − c′x′)	G−1

t [gt(θt) − gt(θ)]
∣∣∣ ,

≤ ‖cx − c′x′‖G−1
t

‖gt(θt) − gt(θ)‖G−1
t

. (18)

The inequality Gt � cμMt implies that G−1
t � c−1

μ M−1
t , and 

hence ‖y‖G−1
t

≤ 1√
cμ

‖y‖M−1
t

for arbitrary y ∈Rd . Thus, by (18) we 
get∣∣[μ(θ

ᵀ
t x) − μ(θ

ᵀ
t x′)

]− [
μ(θᵀx) − μ(θᵀx′)

]∣∣
≤ 2

cμ
‖cx − c′x′‖M−1

t
‖gt(θt) − gt(θ)‖M−1

t
. (19)

As has been shown in the proof of Proposition 1 in [3],

‖gt(θt) − gt(θ)‖M−1
t

≤ κ R
√

2d log t log(d/δ) (20)

holds with probability at least 1 − δ. Combining (19) and (20)
shows that∣∣[μ(θ

ᵀ
t x) − μ(θ

ᵀ
t x′)

]− [
μ(θᵀx) − μ(θᵀx′)

]∣∣
≤ Dt(δ)‖cx − c′x′‖M−1

t
(21)

holds with probability at least 1 −δ. Finally, because c, c′ ∈ [cμ, kμ], 
taking the maximum over c, c′ on the right side of (21) completes 
the proof. �

The following theorem, which is a direct consequence of Propo-
sition 1, shows that the confidence sets in (9) contain the true gaps 
at all times with high probability. We define event E to be

E = {∀ t > max(2,d),∀i, j ∈ [K ] : �(i, j) ∈ Ct(i, j)} , (22)

and throughout this section we set α according to (8).

Theorem 1. Let δ be such that 0 < δ < min(1, d/e). Then event E occurs 
with probability at least 1 − δ.

Proof. For any t > max(2, d), let δt = 6δ

π2t2 and define the event Et

as

Et =
{
∀x, x′ ∈ X : | [μ(θ

ᵀ
t x) − μ(θ

ᵀ
t x′)

]− [
μ(θᵀx) − μ(θᵀx′)

] |
≤ Dt(δt) max

c,c′∈[cμ,kμ]
‖cx − c′x′‖M−1

t

}
.

Applying Proposition 1 for δt implies that P [Et ] ≥ 1 −δt . The union 
bound then gives

P [∩∞
t=1Et] ≥ 1 −

∞∑
t=1

δt = 1 − 6δ

π2

∞∑
t=1

1

t2
= 1 − δ.

The proof is completed by noting that E = ∩∞ Et . �
t=1
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With the confidence sets established, the next theorem proves 
(ε, δ)−optimality of the proposed algorithm.

Theorem 2. Let ε > 0 and 0 < δ < min(1, d/e) be arbitrary. Then the 
proposed algorithm is (ε, δ)−optimal; i.e., at its stopping time, the algo-
rithm returns an arm âτ such that

P [�(a∗, âτ ) > ε] < δ.

Proof. Let τ be the stopping time of the algorithm and let âτ be 
the returned arm. Suppose that �(a∗, ̂aτ ) > ε . Then, according to 
line 5 of Algorithm 1, we have

�(a∗, âτ ) > ε ≥ B(τ ) ≥ �τ (a∗, âτ ) + βτ (a∗, âτ ).

From this, we get that

�(a∗, âτ ) − �τ (a∗, âτ ) > βτ (a∗, âτ ),

which means that event E does not occur. According to Theorem 1, 
this can happen with probability at most δ. Thus, �(a∗, ̂aτ ) > ε
happens with probability at most δ. �
4.2. An upper bound on the stopping time

In this subsection, we study the sample complexity of the pro-
posed algorithm. The following theorem provides an upper bound 
on the number of experiments the proposed algorithm needs to 
carry out before identifying the optimal arm. Before stating the re-
sult, let us take �min = mini∈[K ] �i to be the smallest gap and for 
any ε > 0, define

Hε = 18Kkμ

max (3ε, ε + �min)2
, (23)

which represents the complexity of the exploration problem in 
terms of the problem parameters.

Theorem 3. Let τ be the stopping time of the proposed algorithm. Then

τ ≤ 64dκ2 R2

c2
μ

Hε

(
log

[
64dκ2 R2

c2
μ

Hε

(
π

√
d

6δ
+ 1

)]

+ cμ

4κ R

√
K + 1

dHε

)2

(24)

is satisfied with probability at least 1 − δ. In asymptotic notation, (24)
can be expressed as

τ = O

⎛
⎝dκ2 R2

c2
μ

Hε

[
log

(
d3/4κ R H1/2

ε

cμδ1/4

)]2
⎞
⎠ . (25)

Theorem 3 provides an upper bound on the stopping time of 
the proposed algorithm in terms of the parameters of the explo-
ration problem; a lower bound is left for future work. As expected, 
the number of experiments required by the proposed algorithm 
before declaring a near-optimal arm decreases in the reward toler-
ance (ε) and the error probability (δ), and increases in the number 
of features (d) and arms (K ). While the dependence on K (both 
here and in [10]) is disappointing, it is a by-product of our algo-
rithm requiring a stopping mechanism to conclude that sufficient 
evidence has been gathered to declare an arm ε-optimal. In terms 
of the dependence on the dimension (d), the reward bound (R) 
and the complexity parameter (Hε ), the sample complexity in (25)
is similar to that derived in [10] for linear bandits. Recall that kμ
369
and cμ are characteristics of the function μ on its domain and are 
independent of how the arms’ rewards are distributed in this do-
main. The main difference between (25) and the bound in [10] is 
the appearance of the factor kμ/c2

μ in the complexity bound (25), 
which encodes the difficulty of learning the inverse link function 
μ.

Also, as the inverse link function μ becomes flatter on the 
boundaries of the input domain (i.e., has smaller cμ), more 
samples are required to distinguish between different pairs of 
arms. Indeed, for the logistic bandit, where μ(z) = 1

1+e−z and 
μ̇(z) = e−z

(1+e−z)2 , the minimum derivative cμ can be exponentially 
small, and the extreme flatness in the logistic link can introduce 
large problem-dependent constants, which is a problem that also 
plagues earlier work (e.g., [3]). Consequently, in our numerical re-
sults in [5], we circumvent this issue by downsizing the theoretical 
length of the confidence sets.

The remainder of this subsection is devoted to proving Theo-
rem 3, which requires a set of preliminaries. We start by introduc-
ing some additional notation. For any i, j ∈ [K ] and any t , let

(ci j
1 (t), ci j

2 (t)) = arg min
c,c′∈[cμ,kμ]

‖cxi − c′x j‖M−1
t

,

and define yij
t = ci j

1 (t)xi − ci j
2 (t)x j . Note that with this notation, 

yt defined in Algorithm 2 can be represented as yt = cit jt
1 (t)xit −

cit jt
2 (t)x jt . For any y ∈ Rd , let ρ(y) be the optimal value of the 

linear program in (12); i.e.,

ρ(y) =
K∑

a=1

|w∗
a(y)|. (26)

For any two real numbers a, b, we use the shorthand notation a ∨
b = max(a, b).

Our proof for Theorem 3 relies on a number of results from 
the literature, which we state here for completeness. The following 
two lemmas are proved in [10].

Lemma 1 (Lemma 1 of [10]). For any y ∈Rd, we have

‖y‖M−1
t

≤
√

ρ(y)

Q y(t)
,

where

Q y(t) = min
k∈[K ]: pk(y)>0

Tk(t)

pk(y)
.

Lemma 2 (Lemma 4 of [10]). When event E holds, B(t) satisfies the fol-
lowing bounds:

1. If either it or jt is the best arm:

B(t) ≤ min(0,−(�it ∨ � jt ) + βt(it, jt)) + βt(it, jt),

2. If neither it nor jt is the best arm:

B(t) ≤ min(0,−(�it ∨ � jt ) + 2βt(it, jt)) + βt(it, jt).

The following lemma is proved in [1].

Lemma 3 (Proposition 6 of [1]). For any t > 0, let q(t) = a
√

t + b and 

l(t) = log(t), for some a > 0. Define t∗ = 4
a2

[
log

(
4

a2

)
− b

]2
. Then, for 

any positive t such that t ≥ t∗ , we have q(t) > l(t).
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The following lemma establishes an upper bound on the solu-
tion of the linear program in (12).

Lemma 4. Let yt = cit jt
1 (t)xit −cit jt

2 (t)x jt and let w∗(yt) be the solution 
of (12). Then we have

‖w∗(yt)‖∞ ≤ 2kμ.

Proof. Let w ′ ∈RK be such that w ′
it

= cit jt
1 (t), w ′

jt
= −cit jt

2 (t) and 
all other elements of w ′ are zero. Clearly, w ′ satisfies the con-
straint in (12). Therefore, we have

‖w∗(yt)‖∞ ≤ ‖w∗(yt)‖1 ≤ ‖w ′‖1 = |cit jt
1 (t)| + |cit jt

2 (t)|
≤ kμ + kμ = 2kμ. �

With the above lemmas in place, we are ready to prove the 
following theorem.

Theorem 4. If event E occurs, then the stopping time of the proposed 
algorithm satisfies

τ ≤ HεC2
τ + K + 1.

Proof. Suppose that event E occurs. Let k ∈ [K ] be an arbitrary 
arm, and let tk < τ be the last round in which arm k was pulled. 
Because B(tk) > ε , Lemma 2 implies that

min
(

0,−(�itk
∨ � jtk

) + 2βtk (itk , jtk )
)
+βtk (itk , jtk ) ≥ B(tk) ≥ ε,

which in turn gives rise to the following three inequalities:

ε ≤ βtk (itk , jtk ), ε+�itk
≤ 3βtk (itk , jtk ), ε+� jtk

≤ 3βtk (itk , jtk ).

(27)

Rearranging (27) yields

βtk (itk , jtk ) ≥ max

(
ε,

ε + �itk

3
,
ε + � jtk

3

)
. (28)

From Lemma 1, we have

Q ytk
(tk) ≤ ρ(ytk )

‖ytk‖2
M−1

tk

,

which by substituting βtk (itk , jtk ) = Ctk ‖ytk ‖M−1
tk

from (10) gives

Q ytk
(tk) ≤ ρ(ytk )C2

tk

βtk (itk , jtk )
2
. (29)

Combining (28) and (29) gives

Q ytk
(tk) ≤ ρ(ytk )C2

tk

max

(
ε,

ε+�itk
3 ,

ε+� jtk
3

)2
. (30)

Because arm k was selected by Algorithm 3 in round tk , it fol-
lows that

Tk(tk) = pk(ytk )Q ytk
(tk). (31)

Then, from (30), we get
370
Tk(τ ) = Tk(tk) + 1 by construction,

= pk(ytk )Q ytk
(tk) + 1 by (31),

≤ pk(ytk )ρ(ytk )

max

(
ε,

ε+�itk
3 ,

ε+� jtk
3

)2
C2

tk
+ 1 by (30),

= |w∗
k(ytk )|

max

(
ε,

ε+�itk
3 ,

ε+� jtk
3

)2
C2

tk
+ 1 by (11) and (26),

≤ ‖w∗(ytk )‖∞

max

(
ε,

ε+�itk
3 ,

ε+� jtk
3

)2
C2

tk
+ 1,

≤ 2kμ

max

(
ε,

ε+�itk
3 ,

ε+� jtk
3

)2
C2

tk
+ 1 by Lemma 4,

≤ 2kμ

max
(
ε,

ε+mini∈[K ] �i
3

)2
C2

tk
+ 1

≤ 18kμ

max (3ε, ε + �min)2
C2

tk
+ 1

≤ 18kμ

max (3ε, ε + �min)2
C2

τ + 1. (32)

Note that τ = 1 + ∑K
k=1 Tk(τ ). Hence, it follows from (23)

and (32) that

τ ≤ HεC2
τ + K + 1,

which completes the proof. �
We are now in a position to prove Theorem 3.

Proof of Theorem 3. Suppose that event E holds. Then

τ ≤ HεC2
τ + K + 1 by Theorem 4,

= 16dκ2 R2

c2
μ

Hε log(τ ) log

(
π

√
d

6δ
τ

)
+ K + 1 by (7),

≤ 16dκ2 R2

c2
μ

Hε

(
log

[(
π

√
d

6δ
+ 1

)
τ

])2

+ K + 1, (33)

where (33) follows by Jensen’s inequality and the logarithmic 
arithmetic-geometric mean inequality (i.e., 

√
log x log y ≤ 1

2 (log x +
log y) ≤ log

(
x+y

2

)
). Applying the inequality x + y ≤ (

√
x+√

y)2 for 
any x, y > 0 to (33) yields

√
τ ≤ 4κ R

√
d

cμ

√
Hε log

[(
π

√
d

6δ
+ 1

)
τ

]
+ √

K + 1. (34)

Let c1 = 4κ R
√

d
cμ

√
Hε, c2 = π

√
d

6δ
+ 1 and define a = 1

c1
√

c2
, b =

−
√

K+1
c1

. With a change of variable z = c2τ , (34) can be written as

a
√

z + b ≤ log(z).

According to Lemma 3, this is possible only if

z ≤ z∗ = 4

a2

[
log

(
4

a2

)
− b

]2

.

Substituting for a, b and z shows that (34) holds only if
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τ ≤ 64dκ2 R2

c2
μ

Hε

(
log

[
64dκ2 R2

c2
μ

Hε

(
π

√
d

6δ
+ 1

)]

+ cμ

4κ R

√
K + 1

dHε

)2

.

On the other hand, according to Theorem 1, event E holds with 
probability at least 1 − δ. This completes the proof. �
5. Concluding remarks

Numerical results in an earlier version of this paper [5] show 
that – at least with δ = 0.05 and ε = 0.1 (i.e., being 95% confi-
dent of selecting an arm with a cure rate within 10% of optimal) 
– an optimal arm can be identified very quickly with our algo-
rithm: when there are a large number of arms, the number of 
experiments performed can be much less than the total number 
of arms. This is achieved by learning about all arms whenever an 
arm is played. Indeed, our algorithm easily outperforms the GapE 
algorithm [4], which treats arms as independent with binary re-
wards. The numerical results in [5] also reveal that the amount of 
exploration undertaken by the proposed algorithm depends more 
strongly on the feature dimension d than on the number of arms 
K . This is due to the fact that the proposed algorithm builds con-
fidence sets for the reward parameter, which is of dimension d, 
rather than for the reward of each arm separately. In addition, 
the stopping time in the computational results decreases with cμ

in a manner consistent with Theorem 3. Our algorithm, coupled 
with an approach to dimensionality reduction of the feature di-
mension such as PCA or machine learning tools, has the potential 
to streamline some nonlinear problems in drug design and other 
experimental settings.
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